consider cocycles on M to K. It turns out that every such cocycle u is a coboundary and that any two solutions of the equation df = (r "differ" by a constant. Thus there is a unique function fg: M ---, K with dfv = Q and f,(e) = e. (The equation df = cr is just (1) above.)
For every cocycle a on M there is a natural way of associating T-subalgebras, al(a) and ai with u and fr respectively. Moreover the cocycles on X to K may be identified with those cocycles u on M to K with al(u) C C(X). These facts allow us to use the algebraic machinery developed in [3] to study cocycles on minimal sets.
In general (K x X, Tj is not minimal but the minimal subsets thereof are all Lr isomorphic and constitute a partition of K x X. The algebra ext (d, a) corresponding to the orbit closure of the point (e, x0) is just the supremum of the two algebras Sp and aI and the flow ]ext (&, a)] is the smallest extension of X on which the cocycle u bounds.
(Here d is the T-subalgebra of C(M) which corresponds to the pointed flow (X,x,,).)
The fundamental fact upon which this study rests is that fw restricted to the group A of & is a T-continuous homomorphism whose kernel is the group of ext (da, a). This provides the link between the cohomology theory of skew products and the algebraic theory of minimal sets.
The principal results of the paper fall into three groups. The ones in the first group show how the algebraic techniques may be used to obtain simple and unified proofs of old results and far reaching generalizations thereof. As an example of the former, 3.9 states that the flow S xX is minimal if and only if u" is not cohomologous to 0 for all integers n f 0. (Here S is the circle group.) (For other examples see 3.23 and 3.24.)
An example of the latter type is Proposition 3.20 which states that when the canonical map Horn (G/E, K)+ Horn (AHE, K) is onto then the cocycle u is cohomologous to a constant cocycle if and only if ext (&, a) may be gotten from & by adding almost periodic functions. This generalizes the known result 3.23 which is essentially 3.20 with the additional assumptions that T is the integers, K is an n-torus and (l&l, T) is equicontinuous. Moreover 3.19 shows that these theorems are not about almost periodic functions or equicontinuous flows but rather about how the group of the flow (I&], T) is related to the group associated with a specified class of cocycles.
The second group of results has to do with the cohomology H(ccQ, K) and the group A of d. Here the main result is 4.18 which states that when IdI is O-dimensional H(d, K) is isomorphic to Horn (A/A*, K) (where A" is the group associated with the largest almost periodic extension of a.) In general all that can be said is that there is an injection of H(d, K) into Horn (A/A", K) (Proposition 3.18 ).
The last group has to do with the existence of a supplement. Let The theory of cocycles as expounded below shows that the group K plays several roles. It is the coefficient group of the cohomology theory, the group of the extension, ext (.& a) mod the group of d and the group whose action on I%] is used to obtain the perturbed flow, per (3, a) . It is necessary to keep these roles distinct especially when considering the composition of perturbations (see 5.15 ).
Two other points about the group K should be stressed. First, it need not be abelian, and second, it must be compact.. Although the circle group is the most frequently occurring coefficient group, it is clear especially for the theory of perturbed flows that one has to be able to handle non-abelian coefficient groups. The compactness of the group K is necessary in order to study cocycles on X to K by means of cocycles on M to K.
Standing Notation.
In the paper K denotes an arbitrary compact group, T an arbitrary discrete group, @T the Stone-Cech compactification of T, it4 a fixed minimal right ideal in PT. u a fixed idempotent in M, and G the group Mu (see [3] for details.) 02. COCYCLES ON M 2.1 In this section the basic definitions and results are given which enable one to study cocycles on minimal sets within the context of the algebraic theory of minimal sets developed in [3] .
Definition.
A cocycle on T to K is a function u: T x T + K such that cr(r, ts) = a(r, t)u(rt, s)(r, t, s E T). The set of cocycles on T to K will be denoted .Z(T, K). The function associated with (T is the map t + de, t): T + K. It is denoted f,. 
Also fr(t) = u(e, t) = f(e)-'f(t)
= f(t). 
f (t)-'f(ts)(t, s E T).
Proof. In view of 2.3 it suffices to show that u(t, s) = f,(t)-'f,(ts) and that f,,(e) = e(u E Z(T, K)). Both relations follow immediately from the definitions.
2.5 Remark. If K is abelian, the set C(T, K) of functions is an abelian group. It may be made into a T-module by defining tf to be the function s + f (St): T ---, K. Then it turns out that Z(T, K) may be identified with the set Z'(T, C(T, K)) of one cocycles on T with coefficients in C(T, K). The cocycle a/ is just the coboundary of the function f. Thus dfW = u and so every one cocycle on T to C(T, K) is a coboundary.
2.6 Remarks. 1. Let u E Z(T, K) and
Then the function s --$ u(s, t): T + K is continuous and so may be extended continuously to PT since K is compact. Denote the extension by u,. Now let p E PT. Then t +u~(P): T + K may be extended to a continuous function up: PT + K.
The function (p, q)+ up(q): /3T x PT + K will also be denoted u since it coincides with u on T x T.
Notice that the function x + u(p, x): /?T + K is continuous (p E T). 2. Let s, t E T and x E PT. Then there exists a net (r") C T with r, +x. Hence u(x, ts) = lim u(r,, ts) = lim u(m, t)u(r,t, s) = u(x, t)cr(xt, s).
Similarly by taking appropriate nets in T and using 1, it is easy to see that u(x, yz) = a(~, Y )U(XY, z)(x, Y$ z E PT). 
Let u E Z(T, K

Y E PT).
Now I should like to restrict myself to the class of "minimal" cocycles.
2.7 Definition. The cocycle u is minimal if u(u, x) = u(e, x)(x E PT). The function f: /3T + K is minimal if f (ux) = f (x)(x E PT).
PROPOSITION. The cocycle u is minimal if and only if its associated function f_ is
minimal.
Proof. Since uz = u, the cocycle equation implies that u(u, u) = e. Thus if u is minimal f,(up) = u(e, up) = u(u, up) = u(u, u>u(u, p) = U(U, p) = u(e, p) = f,(p).
On the other hand if f. is minimal, u(u, x) = f_(u)-'fb_(ux) = f#(e)-'f,,(x) = u(e, x).
2.9
Basic assumptions. Henceforth all cocycles, functions, and flows are assumed minimal. The set of minimal cocycles will be denoted by Z(M, Kj.
2.10 Definitions. 1. Let f: T+ K be a minimal function. Then the space of f, sp(f) = M/R, where x = y(Rr) if f(xp) = f(yp)(x. y E M, p E PT). The space of f is made into a pointed flow by taking the base point to be the equivalence class to which u belongs. This allows us to speak of the T-subalgebra al(f) of the flow and the group g(f) of the flow. Let (x,,, y.) E R, with x, +x, y, + y. Then a(x, t) = lim u(x,, t) = lim u(y,, t) = u(y, t)(t E T) whence u(x, p) = u(y, p)(p E PT). This shows that R, is closed and so sp(a-j is a compact Haushorff minimal flow.
Again we "point" the flow sp(u) by choosing as base point the equivalence class to which u belongs. Thereby the algebra, al(u), of the flow and g(u), the group of the flow sp(uj are well defined. On the other hand let a E G with f,(ax) = fW(a)f,(x) (x E PT). Then u(a, x) = f,(a)-'f-(x) = o(e, x)(x E X).
2.12 PROPOSITION. Let u be a cocycle, fv its associated function, and F = g(a).
Then fO; (F, T)+ K is a continuous homomorphism and so induces a continuous homomorphism from F/H (F, T) to K. (Recall that H(F, T) is the intersection of the T-closed neighborhoods of e E F).
Proof. That f. restricted to F is a homomorphism follows immediately from 2 of 2.12.
Let a E F and N a neighborhood of fC(a). Let N, and Nz be neighborhoods of e E K and fv(a) respectively with N2Nr-' c N.
Since fO(u) = e and fo: M --* K is continuous there exist U E a and V E u with vu = V, f,(p) E N,, fo(x) E N2 (x 3 LJ, P 3 W.
Let p E (U, V) fl F. There exists t E V with U E Pt. Then fW(Pt) = fo(P)fo(ut) implies that fv(f3) E N2NI-' C N. (Recall that if t E V and Vu = V then V E ut).
Since H(F, T) = tl {cls V II F/V a 7-neighborhood of e} and K is Hausdorff, H(F, T) c kerf,. Proof. Since H(F, T) C ker f. by.2.12 it suffices for the first part of 2.14 to show that al(fo) is a distal extension of al(u).
To this end let pu = p on al(u) with u2 = u E M. Then f,(pux) = u(e,pux) = u(e, pv)o(pu, x) = o(e, PU)U(P, xl. 2. The group Z(T, K) is in general not abelian. However, if K is abelian, so is Z(T, K).
3. The minimal cocycles Z(M, K) form a subgroup of Z(T, K). The proof of the following proposition is straightforward and will be omitted.
2.17 PROPOSITION. Let u, 6 be cocycles and fm fa their associated functions. Then
2.18 Definition. Let u E Horn (T, K), the set of homomorphisms from T to K. Then the map (s, t)+ u(t): T x T + K is a cocy.cle (which I shall also denote by a). Such cocycles will be called constant cocycfes and Horn (T, K) will be viewed as a subset of Z(T, K). Proof. This follow from 2.14 and the fact that al(u) = C, 
t)u(xt, s)(x E I&I, t, s E T).
The set of cocycles on d to K will be denoted Z(Sa, K).
PROPOSITION. For every u E Z(d, K) let 5: T + K be such that e(t, s) = u(x,,t, s) (t, s E T) (here x0 = u/d is the base point of /a[). Then C? E Z(M, K) and u -_, a: Z(d, K) + Z(M, K) is an injectiue map with image {S/S E Z(A4, K), al(s) C &(a).
Proof. That 6 is a cocycle follows immediately from the fact that u is one. Since xou = x0, ti is a minimal cocycle. 
ext (J% u). Let a E A and x E PT. Then fp(ax> = fu(ax)-'fs(ax) = fo(x)-'fO(a)-' fs(a)f6(x) = f&x-' fs(x) = fp(x). Thus A c g(f,)
. 3.11 PROPOSITION.
I?(&
Follows from the definition. 2. Since aI is minimal and U(U) the algebra corresponding to M is universal,
5. This follows from 6 of 2.17. Proof. Assume such an isomorphism cp exists. Then
f,(t)p(e, xot) = du(x0. t). x0t) = cp((e. XOLO t) = (e, x& ot =fa(t)(e,&t).
Let a E A. The above relations and the continuity of various functions involved allow us to conclude that
fo(a)(e,x~)=fw(a)cp(e,x~)=f~(a)(e,x~).
where p E A4 with p/z%? = x. The function cp is well defined, because fo-'fs = fq-ls and al(f,-Id) c Sp. It is readily checked that cp has the desired properties. 3.14 Notation.
Henceforth Horn (K, K) will denote the set of continuous endomorphisms of K. If u E Z(Js, K) and cp E Horn (K, K), then cpu will denote the map (x, t)+ cp(u(x, t)):
ker (f,(A) C ker (fS IA). Consequently there exists a continuous epimorphism u: f,(A)+ fS(A) such that cp(f,(a)) = f&(a) (a E A).
Then up may be extended (if necessary) to a continuous endomorphism of K. The above relation shows that cpu -6 (mod d).
COROLLARY. Let K be the circle group, u, S E Z(d, K) with ext (a, u) = ext (Sa, 8) and f,(A) = K. Then u -S (mod Sp) or u -6-l (mod &).
Proof. By 3.15 u -cpS and 6 -cl/a for some cp, 9 E Horn (K, K). Then fO = cp+fv and fs = &f+ Since both fw and fa are onto, q and Jr are automorphisms.
Recall that for any T-subalgebra d of U(u), the set of almost periodic functions on d is a T-subalgebra d" of U(u). This algebra d" is the largest almost periodic extension of d.
The 
the above map is injective.
PT --* K (also denoted g) is continuous. Set u(x, y) = g(x)-'g(xy) (x, y E PT).
Let x, y E PT with xl& = y'ld. Then there exists a E A such that yld" = axId*. That the map induced on H(&, K) is a monomorphism when K is abelian follows directly from the definition of the group structures involved. The proof is completed.
The cohomology classes H(d,
It will be shown in the next section that the above map is onto when ld1 is O-dimensional.
An interesting problem is to determine "dynamically" when a given cocycle u on Sp is cohomologous to some element of a given subset r of Z(& K). Let L = II {ker fJS E r}. Then L is a r-closed subgroup of G. Let _!? be a T-subalgebra of U(u) with g(..%) = L and let (T -6 (mod &) with 6 E r. Then fv(a) = fv(a) (a E A) implies that A fl L C ker (f,(A).
Thus a necessary condition for a to be cohomologous to something in r is that ext (~4, a) be contained in d v X The next proposition is concerned with sufficient conditions. The proof is completed by observing that if 6 E Z($, K) with E C ker fb then S -p (mod 9) for some p E Horn (T, K) because Horn (.4/E, K)+ Horn (F/E, K) is onto. Proof. Since T is abelian, so is G/E. Proposition 3.21 now follows from 3.20. With these remarks in mind the following proposition (due to L. Shapiro) follows immediately from 3.21. When K is the circle group there are many results similar to the ones above which depend upon the fact that a co'mpact abelian group is determined by its character group and vice-versa. The following result is typical. To prove sufficiency observe that if p = q on d then p = aq on B for some a E A.
Since B C ker CfsJA). ext (&, S) c 53 whence f&(p)-'(p/B) = fs(aq)-' (aq(3) = fa(q)-'fa(a)-'(a@) = f&(q)-' Ba-'(aql3) = f&(q)-'(91%).
Thus s(x) = fa(p)-'(pls%)
where p E M with pIti = x is a well defined section of 9? over, Sp. 
Now suppose u-p (mod d) with f,(M) = f,(A). Let 6 E Z(M, A/B) be such that f6 = f,-'o f, where & is th e isomorphism of A/B onto f,,(A) induced by f,, (recall that ker (f,(A) = ker (f,(A) = B). Then S = L-lop E Z(d, A/B) with fs(a) = f;l-'(f,(a)) = Ba (a E A).
The proof is completed. 
COROLLARY.
Zf in addition to the assumptions of 4.9. Y is O-dimensional, then r admits a global section; i.e. there exists s: Y -+ X continuous with a(s(y)) = Y(Y C Y).
Pr;oof. Let U,,...? U. be a cover of Y consisting of open-closed subsets and let Si: Vi + X be continuous maps with m(si(y)) = y (y E Vi, 1 I i 5 n). Such exist by 4.9.
Set i(y) = min{ily E Vi} (y E Y). Then s(y) = s&y) (y E Y) is the desired section.
I would now like to do without the assumption that H is a Lie group. Thus let Z-Z be a compact topological group and let it act freely on a compact Hausdorff space X and suppose that Y = X/H is O-dimensional. I would like to show that the canonical map 7r: X+ Y admits a section.
To this end let 2 denote the set of closed subgroups of H and S the set of pairs (K, s) where K E X and s is a section of the canonical map TK: X/K+ Y. The set S is not-empty since (H, I) E S, where I: X/H -+ Y is the identity map. I would now like to apply the above results in some situations where the flow is O-dimensional.
Recall that d' is the largest almost periodic extension of 1 and that A" = g(sP').
If u E Z(&, K), then {, will denote the homomorphism of A/A' into K induced by f-IA.
The following is a strengthening of Proposition 3.18 in the case when 'I&l is O-dimensional. Hence xoy = (By)(xo) = xoa from which it follows that ay-' E B.
Consequently a E By C A and fo(a) = By = Ba.
On the other hand if a E A and fW(a) = Ba, then xooa = fc(a)-'xoa = (Ba-')(xoa) = xo whence a E g (per (3, a) ). In general the converse of 2 of 5.4 is false. However something can be said in the case when A/B is isomorphic to the circle group. The proof is completed.
5.6 Remarks. 1. Before discussing this situation further it is necessary to recall the dynamical interpretation of the fact that two T-subalgebras 9 and 9i? of U(u) are equal. This means that there is an isomorphism cp of the flow IS] onto the flow I%'] which carries the base point of IS] onto the base point of IX]. Thus if 9 = %', then the corresponding flows are isomorphic or conjugate. The converse is in general not true. Thus the two flows 'IS] and IX] may be conjugate without %' and 9 being equal. The reason for this is that algebras correspond to pointed flows not flows. Thus there might be an isomorphism of ISI onto 'I%'] which does not preserve the basepoint.
It is easily seen from the general theory in [3] that (91 and I%'] are conjugate if and only if there exists a E G with %YY = %'. Thus in case one of the flows involved is regular the two notions (conjugacy, and equality of algebras) coincide. 2. Let d be the algebra corresponding to the flow whose phase space is R2/Z2 and whose phase group is the integers with generator cp: R2/Z2* R2/ZZ such that cp(Z2 + x) = Z2+ x + a where a = (a,, a2) E R2 with 1, a, and a2 rationally independent. (The base point is Z2).
Let C?Il correspond to the flow on R3/Z3 defined by I(r(Z3 + x) = Z3 + x + fi where /3 = (a1,a2,a3) with 1, al,az, a3 rationally independent. Then d < SB and A/B is isomorphic to the circle group R/Z.
The simplest way to perturb 6% is by means of a constant cocycle, u. In this case this amounts to picking a real number U. The perturbed flow II, is then given by &,(Z3 + x) = Z3 + x + (a,, a2, a3 -a). per (B, u) ). The proof is completed. Set 6(t) = p(Eut)
(t E T).
Then 6 E Hom(T,AIB) and f*(a) = p(Ea) = A(A 13 Ea) (a E A). Proposition 5.10 now follows from 5.9. Finally I should like to discuss the notion of a supplement and its relation to extensions and perturbations. Then I E H and fW(fa) =fC(a) = Bla, whence la E F. Thus a = I-'la E HF.
Statement (ii) follows immediately from 5.20.
